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y(t) = cos 2pif0t ←→ Y (f) = 1
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K̂ = arg min
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y = [y1, . . . ,yn]
t E  = [1, . . . ,n]
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L(y; f,a,b) = ΠNn=1p (yn − a cos(2piftn)− b sin(2piftn))











































































I(f,ŝ(f)) = ||y −R(f)ŝ(f)||2









































n cos (2pif(tn − τ)) sin (2pif(tn − τ)) = 0
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n yn cos 2pif(tn − τ)
]2∑
n cos
2 2pif(tn − τ) +
[∑
n yn sin 2pif(tn − τ)
]2∑
n sin
2 2pif(tn − τ)
}
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= P⊥B   {y}
6)R9
yn = 〈y|e1〉 e1(tn) + 〈y|e2〉 e2(tn)
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( cos 2pif(t− τ)
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= P⊥B   {y}
6)J9
yn = 〈y|h1〉h1(tn) + 〈y|h2〉h2(tn)
= 〈y| cos 2pifk(t− τ)〉 cos 2pif(tn − τ)‖cos 2pif(t− τ)‖2 . . .
. . . + 〈y| sin 2pifk(tn − τ)〉 sin 2pif(t− τ)‖sin 2pif(t− τ)‖2
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〈y| cos 2pif(t− τ)〉2
‖cos 2pif(t− τ)‖2 +
〈y| sin 2pif(t− τ)〉2
‖sin 2pif(t− τ)‖2

















































Q   (f0) = 1
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P   (f0) = 1/2
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[C(f)] = µ 〈1|`1〉




[S(f)] = µ 〈1|`2〉
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n yn cos 2pif(tn − τ)/σn
]2∑
n cos
2 2pif(tn − τ)/σ2n
+
[∑
n yn sin 2pif(tn − τ)/σn
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n sin





















 "':/^!qM# 99>3!'j/1,2 "33.' "' "3L67*%	
>673	
 &s(
 $ '),ﬃ6FIJ2JIJD 3H(&IJ2 (^31,/.1:G31(J0 < ,F3H8;I ? 0ﬃ5 	  





















/#98/# "#'@99)(7x,2 "3	%$&	%'K/#i93K67M#M# >.'i "
#Rﬁ	c4jJc&X i[V.-^Z
Σ
−1 1 XBc&lX  ﬁ gﬂ 1^ZJ_ 1$# laVkZ7 g  VYX[V rZ % ||u||Σ−1
_ 1$#lVYXﬃ]VkZ^l ﬁalZGlagSi[jCZ  ﬁWiMb0/ Z   c -^ZrZ2- X[gSi[VkZ^bH_aZ 











 7vm6"33 "+ "P	
SR!'&E *-,2 ">.'>.'LNq99 "'333!#	%
!# 








































`/#9j/# "#'@99IE' "6 1
Ye(f) = Y (f) ? We(f),
6)J9










)E^' "!'O6)R "'i!rS!':*W65M#@9>'9?/#:3 "!'KM<@3	
 /^	
SR!'9y/'67'i*



































































9 "393M< "'/'67 1' ">67

























&E1>.+6"S!'U@>67M<U9 "393M< "'/NA*-, 	








 ﬂ78:9= "367	%'3	-ED/'67'0!#9 "`n^_3\90$J@'@>67*-E1S!'_93UM# 9@9/^!#P/#@4< "!'>.'3!#













(9(R?@)67# "	%')EJ' "!'K6)R "'G!L67!L/#@4#!#K/#:9:>.+67M#	%3SR!s, !#A*3	%\93xX "3
]!#*%3	% /'67*ySR!'0>6ZP	%#	%P	
>673	



































( )( )(   ﬂﬁ ﬀ  4
   .-
ﬃ"# ﬃ 
4 
:LM#3	%'	%M<?	%#.'@yN5*W6]/#@A67>.'?/'   




 "sEJ/#9M+67>67\39G/#K*W603	%!' " -/#y9 "393M< "'/'67i67!PA6Cnu	[v
]!#/#!Z /^!#*
K/^!]M<93i/#G+ "!#3	





















S!#	#/# "	%=9 "39M< "'/^&E&PM#3	%'	%M<&EJ67!PA6Cnu	%]!# /# |Rk−1(f)| ("~	%'3	-E7*
KA6Cnu	%]!# /# |Ye(f)| M<!#
'M+6"O9 "393M< "'/^NZ*W6ZM< &3	%3	
 "V`n'6"?/#*































!#U/^! A6Cn^	%]!# /^! 3M<93
/#L+ "!#3	


































































 "'I(  

















9@93!#*%>67?/#5*-,e67*%$J "3	%3.#U "M#@9@9? "!'*W6UXY "3]/#5*W6A9 "R "*[!'3	
 "c/#9
/^	[B1@909 "PM< &6793	%!' " -/'67*
90`n^3>67	%9?M+67?*
 
      


















































































Z vXfb c _ ﬁWi 1^Z




 "p	%@>673	%R 1=@3.' /#90gKsx~?  #7
 *#)  	 (! #)(*ﬂ#)( 	 
6?/#@`t'#	%3	


















s,295/ S!s,e67!4#3!#	%Z]NV*-,2`BD]9 "J "*%!#3	[Xj/#P*W6rX'3A3M<93>67*







(  &(  ^E1>.'>.+67]Nr/#@3P	%'Z3	!#3M<93U/# "#'@P930!##	
S!'5/ 
67!^nTM<33!#34+673	



















































E+SR!#	9 "39M< "'/NU*-,e67PM#*%	%3!'/#Z IbR#'Z/^!pM<93@9	
/^!'*
























































































































 " /#*-,e67PM#*%	%3!'/#r/^!M<93A/#A' "!#3	
_]/#9Z/^	[B1@
M<@3	













 "$&!'_NP*W6P@3.' /# "*
 "$&	

















	[v/#9> "!'yM< "!#:!#T`n^M< &@/#9j*%	%P	%9:/#593.bM< ".'\9

(































































































 "a/#    	>67' 




























( )(     
ﬂ  
 " "']'9 "*W6qM< &3	%4#	%*%	%@A/1, 	%'*%!#L/^	%R95&673	W673	
 "'_67$&@>67_*
>>.'@A6q$J@'@>67*i/#
*-,e67*%$J "3	%3.#  
	(^~:	%'	-EJ*W65R3	
 "   


















06)J9j*-, 	%3M#@>673	W "r$J@9 "@33	
S!'/#9i/^	[B1@iM<@3	
 /# "$&>67P)K/^! 
 
(  &(  &E
9367M#M# >.'P9 "'/^!#	%ZNL*-, !'>67$JU/#_*W6r{5gK{?fM#*%!#k"5S!'_/^!3M<93P/#_+ "!#3	
)E10'U), 	%v




























f ′i ' fi , i=1...k 
67!  IbJo/1, !#'M# 9@9/^!#
/1, 
$  ! 










































































































y "' 7v3	%!' " -/'67*













'R g ﬁWi  VkjbkV# Z inb / Z  ab V.-+cEX[VkgUl % lgﬂﬁ  ﬁ  g  gUl MV.-^V  ﬁaZGb / c&bSgSi[VkX 3ajCZJl / ﬁWX[V bkV. Z  c Mb cA ﬁ]WX[VkbkVkX 1J_ ﬁ	ﬀﬂﬁﬃBR
 1+c&ljCgUVkl &%ab cG_ 1^jJcEi -43aZFi[Z2vX[ZnV _WZ^lX[V  ﬁaZﬃ_acSl9bkZ -^cﬂ g Aﬁal UcSVkl
g < 1




 "p	%@>673	%R 1=@3.' /#90gKsx~?   




















 Z^j   ﬀ g ﬁWi4+ ai 1  ﬁaZ^l -^Z7 ﬀ −1 + Wi 1 ﬁZ^l -^Z7 ﬀ −1 +
{?0$R67!'>.'ZNU/^ "	%&E'3	%$&+67*s9 "PM< &@5/#	%'Sr3	%!' " -/#9:NU@9>.+673	%*%*
 "#+67$JZ	%3@$&!#*%	
:y3 "!'@&E
X'35M<367*%Z9 "393M< "'/'67 |We(f)| jM<3>5/#+ "!#3	
:/#9:/# "#'@99 |Y (f)| (

























































 "M# /^!#	%AM+67 
	 1NV$R67!'>.'&Es*






































  /   




























































 ﬃﬃ  








    





































































































































 "T4#3!#?/'   
	c3!'K9?mbM<?/#0/# "#'@99j6ZM# /^!#	%y/#9K@93!#*%>67j674<3>67)E
































 "p	%@>673	%R 1=@3.' /#90gKsx~?   
















 Z j ﬀvgﬂﬁai4+ ai 1 ﬁaZ^l-^Z7 ﬀ −1 +
































 "a0M# "M+67$J5yXY "!#3#	%j!#'5 "*%!#3	
 "T	%+6"99M#>674#*
&(





























 "M# /^!#	%AM+67 
	 1NV$R67!'>.'&Es*
























( ﬀ&   (


















 ﬁ ﬃ   /











 '  
ﬁ







































 ﬃﬃ  








     














.1I Dn< 0ﬃ5  2;0 = ,/.1(&I`? 0  3H0ﬃ68 2;( 














































































































































































Z^j  ﬀvg ﬁWiﬃ ﬁbkVkZ^l +

Z^j   ﬀ g ﬁWi4+











 $      ﬂ/   
 
   $
+
     














# ,    , # !





   , $    $ $

  8ﬃ ﬃ  

























0   













	%3 /^!#	%V	[v/#93!'rL@9 "/# "#'@99V/'67'L*-,2 "/^a "	
>67)E
pRc&i ﬁVkbkb c&X 	   
	 # ) )(#1 XBcS]bkV.  Z^lX ﬁ / Vkb  / cﬀUVYXCZ^l i 1+cSbkVYX 1`_G/ ﬁal<  vX ^jCZCX i[V.bkZ4Z XGb c?-^gﬂﬁai[] Z _WZ4b c #	ﬂﬁai[Z"#pR '
ai 1  Z lpX[Z4_WgUl -4_aZ ﬁ  G1 i[VkgW_WV.-^VYX 1 &%~b c? Z2-^gUl_aZ _WZC 1 i[Vkgp_aZ%]VkZ^l<ab.ﬁfbkgUlﬂﬁZ vQ ﬂ)ﬂ) ﬀvgﬂﬁai  +MZ XG_G/ c&jbkVYX ﬁ _WZJ]VkZ^l b.ﬁ
e cSVk]ab ZSR
 ( '('a@3.' /# "*
 "$&	
]6"/# "M#@9 1x!#TM# "4#*














(9K@3.' /#9y/#mbM<   +




   

























L    / 
K
 /# 





 "#$&!'!#r/#T*W69 "!#34<TX "3@9TM+67L*
9M< "	%r/^! /^	W67$&>67P/#
M#.+6"> 1









































 /ﬂ5/1, !ﬃ /#\* M+6>6ﬃ@
S!	!ﬃ]!#*[v
!	  " -/'67*	!UM "4#*
\ﬃ"j/#@* )621&*W6#
$>6 ﬃ]4#*W6	9 3M< '/'6ﬀ%&ﬃ]!#*ﬃ /'67* =*-, ﬀ>6`v









/# '@I(s{1PM#*%!	)E1*W62ﬃ /#@* >6
 3ﬃ]!#*[v4!	  " -/'67* AM*!5),e6
R@! "M69 ﬀ>6%$(+6ﬀ+A*
 5/P*W6
M@+	5/'6	j*  @ ﬃPM< *%* ?/1, !79 ﬀ!#!ﬃ N_4+6+OX8@9S!		)(





 r/1, !:' ﬃ]4yt	-ER634>6ﬃ"ﬀi$(>6'/1ER/9 ﬃPM< (>6ﬀ) M*>67* 
/ﬂ +@  @<3!]!	L$(%*%* AX,@9SR!	$ `*%* &E&_M+6ﬃ=K*  S!	*%* >+!#* _S!	*
SR!	_!	]M'/ﬂ ﬀ/

&67* !#' /!#*%* )(? "!	#9 	

















!r67!  &(  ^(  S!	j*W6X8@9S!		%ﬃA6Cn$ﬃA67* 
9  M< '/'6ﬀrNa!	VM#*W67$0VX8@9S!	ﬀ *%* B`nﬃPMq/1,e67*W6A@>6M< "!	 @TNc/=
&67*!+P4 ¢M#*%!	
$(>6'/]S!	/'6	5* :)6Z/P*-,2@>.+6ﬀ%*%*










 	>.?'  67!3	]/1, !	

































s = [s0, . . . ,sP ]
T ED 
M*!%	9 Z@!  "!	OXY ﬃ"ﬃA6  *%*  1










y = [y1, . . . ,yN ]
t $( "!#M*]* /# '@IE  = [1, . . . ,N ]
t * :M*3!34+6
 	:*W6"ﬃA6  H
/
>6%*%* 
N × (2P + 2) 9 	3!'@P/5@*
@ﬃ".$ Hn,2k = cos(2pifktn)  Hn,2k+1 = sin(2pifktn)
M< "!
k = 0 . . . P

n = 1 . . . N
(


























@9E*ﬃA6 0* >' ﬃ]4P/_M+6>6ﬃ\]N ﬃ"?4*)67!	9 "!#MM#*%!	0$(>6'/1









/=+ﬀ *%* ﬃ"ﬀZ/'6	*W62ﬃPM#* @














 (c/5' ﬃ]4!	#ﬃ@3.+ R/	0/1,;ﬃA6
 s(DŁ606%*%* !)EF5ﬃ /#@* >6
 sE
ﬃ 	 US!	>*%* ]XY "! _M+6?!	P67M#M ﬀ>.	UM+6>6ﬃ@
S!	&EDM*ﬃ"5/1,;.$
ﬀ >67$0! 9 ﬃPM< v
ﬃ"ﬀ]M#*%!	5 "4#!	A/?ﬃA6!>3M*>67!^n1EsM+6?`nﬃPM#* PX-6ANT/5M*3!34+6% ﬁUNq4+6







G* j$R6 -ﬃPM#* @#yXY6)-9 ﬀM+6 0/j*-,e67M#M+6
 V/1, '/#@ﬃ=+6W 	21*-,2 "4^F[X/1, !	
6+67*%bﬂANr.+67!=@> "*%!
  ﬃPM< (P*-, !%* 6
 /1, !	P$(%*%* UX,@9SR!ﬁ.$ *[*  G *W6rM#*%!	t		PM< (%4#* &E
&,;vmNCv/ +_! ' ﬃ]4U/]M+6>6ﬃ\
(ak,bk)
634>6ﬃ"ﬀ$(>6'/1(D{15X-6)E* ?' ﬃ]4U/>9 ﬃUv
M< (6ﬀA3M*>67* 0N:ﬃ"A>6:3!#M<@ !67!/' ﬃ]4_/Z/# '@ 1








 O!	1^t	@/1  "*%!
 	21^* ?M "4#*






















S!	&(+{6	:* !)6"/ﬂ]SR! j* 






















@E&&,;vmNCv/ﬂr-!#*  /.' U/1, !
' ﬃ]4ﬀ/VM< (
 	PX8@9S!	ﬀ *%* )(x6 @$&!#*W6 >6
  9 	 q67*







$ >67$J@//ﬂ[BD@ﬀiXY6"9 	 1H&,;
*-,2 "4^F:/j/!^n>.+67M	 %3!
&6ﬀ)(
  	)	9 ?SR!	j*W60XY ﬃ]!#*W6
 r/^!LM "4#*
















M*!=O/#@9 ﬃPM< ( @= @ O/O' "!)E
9 ﬃ=ﬃ"r!	 > ﬃ=ﬃ" ,C3.'@9   ^t	 

/ !	  " -/U/AX8@9S!		>ﬃ]!#*%M#* P/
f0
(8x,2@3!




EiM< "!r* 9SR!	** AX,@9SR!		r/ﬂ +@  @L* /  ﬀ TXY  -3!	A!	















 q/y6ﬃPM#*3!'/j6  ﬀ




\ﬃ"U*'@)6&(s?@96	ﬃ  ﬁ)ED*W6-' ^v-*'@)6@/^!Jﬃ /#\* P@>6ﬀ@9/^!NL!J+!#*
M+6>6ﬃ\&E %*= "!ANXY6"ﬀ
ﬀ 67$0)674#* q/VM ﬀ9@9/rN!	2+`*%* :ﬃA6
 s(ig'VM "4#*
\ﬃ"6
/1,e6%*%* !/'@mFN:@@K674< /#@K/'6	 ))6"/ﬂiM< "!/67M#M#* )6













 	xM< "! ﬃ=	)>.+67M:S!	:67M#M ﬀ>.	:/^!M "4#*
\ﬃ":/1,e6+67*%b$ M*67*
M#*%!	   "!
















xk exp (j2pifktn) + n, n = 1 . . . N
⇔ y = Wx +     (    
 
W = {ej2pifktn}k=−P ...P, n=1...N  x = [x−P , . . . , xP ]t 9 ﬀ ﬀU* P6ﬃPM#*3!'/=3M*>67* N
 ( '('a@3.' /# "*
 "$( ]6"/# "M@ 1x!TM "4#*
\ﬃ"!ﬀ
H1ﬃA67*sM< ( @ 
ﬃ".I("s >SR!	K* =/# '@
y
  ﬀ=N#
























	9 !	%9 ﬃPM#* `n &-
ﬃPM< (6ﬀ*W6"9 ﬀ6 $_/1, .	ﬃ= @ﬃ&  ﬀ@9S!
"67* ﬀ06 
0
sk = [ak,bk] = 2 [<(xk), −=(xk)] (
{6	s* K)6/1, !Z@>.+6ﬀ%*%*







I>.'   
NL*W6L*ﬃ= +>ﬃPM< ( @UM+60* ?3.'@9 \ﬃ"P/}.+6'  








/"9 ﬃPM< (>6ﬀX,@9SR!	ﬀ *%* 5!)6@"!), 
/ﬀ[tﬁAN
*-,2 "M<@>6!A/->6	XY ﬃ@V/V+ "! P/ﬂ \ ﬀ
H 1






@2 /#@>6%*:67! >.+67M  ^(
Ł=6V*W6 3!&E'' "!ﬁV!%*  	p67*+6
Hﬃ"ﬀT* q/!^n XY ﬃ]!#*W6
 	@*%* JB9 ﬃPM#* `nﬂ&(jŁ=*%!	
M@ >@.ﬃ"$)E+* ?>.+67M "9 	6@_NP*W6PM<@+67* >6
 X >6P!	>67$0Z/	5*-,2@3!_/#!	  " -/A  "!	
*W6jXY ﬃ"K/1,;`n^M< 	ﬀ *%*  9 ﬃPM#* `n&)6&' "!	 
H 	SR!	i* 8XY 	
 	/iM<@+67* 6












(<6-ﬃ /#@* >6% M "4+674%* P ' "!#*%*[v
 567!	 	:ﬃ= -M#*W6r67!C>.+67M /+"@







sk = [ak, bk]
6Ct	T/0M< "!


















~jt	c/1, %*%*%!	0* 0/ﬂ[BD@ﬀ1ﬃ@3.' /1ﬃ= A 0!
$_/'6	?*W6: !]/>?ﬃA6!	)E*' "!	
* 567M#M#*
S!	 	ZN2>.+6"SR!	_X  567! ﬃﬃ"=[$(67*K3b$ﬀ3.'@
SR!	PSR!	>' "!	M@ﬀ 	 -(1l*K),e67$(/
/!'S !	  " -/:/0X8@9S!		
ν1, . . . , ν5




αj cos(2piνjtn) + βj sin(2piνjtn) + n,
' IbR@=/'6	=!U43!=4#*W6	O$R67!	 
 ∼ N (0,σ2 )
6
HK!<>67M#M<  %$(+67*	3!43!x/  ?/#0E(*[!	 v
+@>6ﬀG/#@`t	+M+621?}u
















 XY6P67!^n +`!	/>ﬃ /#@* >6
 sE1* ?X,@9SR!		!  ﬀ>.'   )E967!^X
M@ % B9 ﬀ>6&Eﬂq/.' O/?*W6Z$(%*%* 0/#9 	3!	








$?!	?/^!@0/   :F "! yNZ*W6ZX  '@$&!#*   "!'@&E














$R67!	>.	&(DK >6   c/1, !XY M >9 '/'6U/'6	*W6X,'>3M*>67*   t'$&!>ﬀ>67* 

E<* >3M*
/5+ "! :/:/# '@jM@ﬀ5/	1' ﬃ]4!^nVX-67!^nrM   t'$&!Z//ﬂ 

(
  	iSR!	j/ @3!'* 6G/1, !	:S!+67*@6 XY6 6ﬀyM*!






$  @&(x,e67M#M#* )6
 TN5#%$(+67*





R  *W6jt'$&!O/G*W6:M+67$0   &(
G, !%* >6




SR!	_$J@'@>67* U/?ﬃA6!USR!' ﬀ? $ /^!U6	iS!	* :9 ﬃPM< ﬃ"ﬀP/

































































































































































	   ﬀﬁ
ﬂﬃ! 	#"ﬃ! 	$#&%('!)*ﬃ	,+"'	% >-'!+ﬂ?ﬃ= A.#&%('0/1%('12	3+4 657'8#9#;:*:*+ﬀ=<>%?':*ﬃ	@ 	BA
?ﬃ3+DC   @#*9+!6' $/E#7'$+F+&ﬃ":#;:HGI &%?Jﬃ:ﬀ,:657'ﬀK%K%?ﬃ7: {tn,yn}n=1...N 
'8L>ﬃ;+&: ;ﬃ! 	F%('NMOﬃﬃ"P+1%QC;ﬃR'?ﬃS+DC  6
HH T+DCU'ﬃE#&%@ "+<@#*6'8% >*ﬃ@#>ﬃ"+"'ﬀE'8 4V
M,;:*WX 		Y+ﬂ ;: ;:@ Z%('TG(K%[%  G = {fk}k=0...P = { kP f \^]`_ }k=0...P a
ﬂ$ﬃ! 	*ﬃ	?+&:;ﬃ	Y+&ﬃ	, 
ﬃ1ﬃX+&JH% b%":-'Ic7Wd I-Ce:%;ﬃ! 	Z%('9Mfﬃﬃ"ﬃR'  H%K% <




W = {ej2pi kP f k&lOm tn}k=−P ...P, n=1...N c y = [y1, . . . ,yN ]t HG(;ﬃ! &#*Z% +&ﬃ":-c x = [x−P , . . . ,xP ]t
*ﬃﬀ ﬀ,% ,'ﬃE#&%@ "+1;#*6'8% n/:ﬃ"A
 = [1, . . . ,n]










x−k = x∗k aIw
ﬃ!  ﬃE#&%[2ﬁ^% K"ﬃ6'?ﬃ	 H#*"+"'ﬀ-c0"ﬃ! 	K"ﬃ! 	^#&%('!)*ﬃ	^#>ﬃ! %QC 	6'ﬀ
6ﬃ! 	,%('PMOﬃﬃ9 &%('?ﬃxGy:":6'8% :zA{+	+@ 	F/
2P + 1



















/57'8 C;:6ﬃ!%K ?ﬃrc1"ﬃ! 	J*ﬃ	?+&:;ﬃ	J 0%  -'J;ﬃ! 	|A
+&:ﬃ=":
g 2P +1 > N







*ﬃ	?+&:$%(':;ﬃ!%K ?ﬃ3+4 .#	;ﬃ!L&%?Jﬃ">BV&',+5"ﬃﬃ"5ﬃ=ﬃR'8% Icq+ﬂ?	*ﬃ?ﬀ
HFGy:":6'8% ;:Tﬃ! 
ﬀ











H.+?ﬃEGy:":6'8% ;:t+&:HL>ﬃ! 	65	@ ﬀ =ﬃR'H #;ﬃﬀ65	t+4 =@#*Z+Z7ﬃ!  
+R+&ﬃ7:-P+&ﬃ	Ic *ﬃ4Mfﬃﬃ1:ﬃ"ﬀN/Ł%QCe:@ "+Bﬃ"":.'8 #ﬃ= -657'8#Ic 	NMOﬃ! R#7'1 	
6ﬃ!%K ?ﬃ.'H#6'8L&% 5Bﬃ"Y+!@#*Y+16' 
a

	!ﬃR'?J9#&%K 	t2		F+rC ﬃE#>ﬃ(+%QC   ;:9+F%('";ﬃ!%K ?ﬃŁ'=6','8 .+&ﬃﬃR'	T+b%('=;:HGI &%(' 6'A
?ﬃrcD'8 	$+&:,#7', KX5"ﬃ"ﬃ 
7,#S  -yIj{c>WX ﬀ'-*ﬃX Ł  @ 	*JAﬃR'[M'8 *ﬃ! n+







*ﬃﬃ=ﬃ"n% ﬃ=ﬃ= H +DC  7;J!*ﬃﬃE#>ﬃ(<












ﬃ %(' "ﬃ6'?ﬃ ‖u‖ *ﬃ@#>ﬃ"+ /x%(' "ﬃﬃ" `2 +4 
HH  u
a
 	/65	65	Ł+&ﬃ	.#&%K 	P 	
6ﬃ!%K ?ﬃ *ﬃ@#>ﬃ"+"'$0#7'|MQ'ﬃ"ﬀ1'8 4V +&ﬃ":-c ﬃR' T  *ﬃﬃE#;ﬃﬃ= <H%('
Hﬃ"ﬀT27+&JH%  '8 4V
+&ﬃ":+DC  	n#7'
g
%ﬃ" ‖y −Wx̂‖2 +&ﬃb+,Mf'KL&% 





C   ;:R+rC  	 H% ﬃR'H ?9'8%?ﬃbGd'6'ﬀ :6ﬃ! 	!6'	
*ﬃ"+ﬂ?ﬃ	$+;:HGI &%(';:!ﬃE#>ﬃ(;:$/T%('TMfﬃ	?ﬃ
R :  2P+1 →  +  !6'0% !-'% #7' H &% +
;ﬃ! F% bMOﬃ	?ﬃ	? ﬃ"ﬀ>*ﬃﬀ



















{%jCU'8G(1+&ﬃ	 + +&:B2	E 		 MOﬃ	?ﬃ+N#>:7'8% 6'?ﬃ
R
6'!+4  6'$1+E#;ﬃ!#?:;:/D }
E ~fEB~
'"+4 	%@ s% @#*
x
a
n'	"ﬃ-'-cu%('T#>:7'8% 6'?ﬃ+&ﬃ7:t% MQ'ZWX 	$%QCeﬃ65	65	
 :"ﬃﬃ9LD
~
H@$+X 	;ﬃQ+)@ ^%('nG(K%K%  G c0IC;|A/A{+ﬂA	*ﬃ! 6'8G0 %('n#;:	+-:;ﬃ( +"'	 % 

HH t+DCU'ﬃE#&% ; "+;#*6'8% r<
R(x)
+"ﬃ Z#"+ﬂn+ 






#*ﬃ"T'8%?ﬃF+";:HGI% F% "*ﬃﬃE#;ﬃﬃ= ?ﬀ1%(' 27+&:H%;:










λ→ +∞ 	Y#"+- *ﬃﬃE#
WX 	 %QC 4MfﬃﬃR'?ﬃ/D}
E ~fEB~
'8#&#>ﬃ;:s#7'ﬀ%('#>:7'8% 6'?ﬃ:6'	 K*ﬃﬃE#Z++&ﬃ":r<!%('#6ﬃ!%K ?ﬃ
;:HGI &%(' 6:% '8%?ﬃ ?+ﬀ?Wd 	ﬃ"ﬀ'X &%K% 
a
n'	^% -'!+ﬂtL7'-vd: : #>ﬃ!  +^#*@ @L7'?ﬃ	

4A








‖y −Wx‖2 *ﬃ@#>ﬃ"+rcr/  3MQ'H F'!+&+ﬂ[Ms#;J-cD/ %QCU'ﬀ%?ﬃ!G!A






















yin#>ﬃ! 9%QCU'7'8%Kv$-@#*6'8%  '8#&#7'6'ﬂﬁ <65	ﬃs'8L6'/
w
'@ﬂP  -I6 B{c 6ﬃ
'8#&#&% -'?ﬃ / %QC;ﬃR'?ﬃ +J;#*.+ 6' Bﬃ1ﬃﬀ '8 4V 6'
I'8 4V + 	4'652@
ﬀ
D!"!b  -II{c
WX  ﬃﬀ9:;:R:"+4 	F#7'#)K 	K @
ﬀ
D!"! UII6 B#>ﬃ! F%('N# +"3*ﬃﬃE#R+EMOﬃﬃ"?@#*6'8% F#&%K 	
*ﬃﬃE#&%?J
a
' +	B &V!*ﬃ$KL& ?ﬃ	 #;ﬃ!#>ﬃ(ﬀ +	=MOﬃ	?ﬃ	 + #>:7'8% 6'?ﬃE'!+"'8#;:ﬀ/Z%('65	65	
+5@#*+6' '	=WX 	b+'8%KGyﬃ@5ﬃ"$+DCeﬃ!#ﬃ= 6'?ﬃ ;#>:[27WX 	-c7+&ﬃﬀY%QC;$:-';:5H#>ﬃ(














% H 9#>ﬃ(KL&% P'!+"'8#6'?ﬃ
'8 3-'F+1%QCe:657'ﬀK%K%?ﬃo'8G0-;:HGI &% 0/ +&ﬃ":?ﬃR'"Wd 7'ﬀ
a 
C ﬃ!L-, [M
#	K#7'8%>+%657'8##^%(',#	;ﬃ!#>ﬃ(?ﬃ +DCU'8%[Gyﬃ ;5ﬃ" #*|MOﬃﬃR'ﬀ #>ﬃ!  % -'8% H &%>+Z%('6ﬃ!%K ?ﬃ
;:HGI &%(' 6:!cHBV4#&%?ﬃ6'ﬀ +"'	%('1ﬃ"@ t+4 1#>ﬃ(KL&% Z% #;ﬃ!#?:;: +^ﬃ!#>:6'H  ﬃ=  ,H 1+"'	% 
-'tGy:":6'8%=+n%QCe:657'ﬀK%K%?ﬃ7'8GH!;:HGI &% -co'	rWX 	,% @#>:[2ﬁ;:Y+ZMOﬃ	?ﬃ	Y+n#>:7'8% 6'?ﬃ
ﬃE#&%?ﬃjvd:
a
ﬂﬃ! 	T:@ "+ﬂ?ﬃ	<;ﬃ! 0+DCU'8L>ﬃ;+S'8 /.
h
a
 P% T#;ﬃ!#?:;:<@ 	@ H%K% 0+0ﬃ!#>:6'H >ﬃ= <0,H 
1
%QCeﬃ!#>:6'H  +4 b#6ﬃ!L&%?J.ﬃ"
W









n'	% 1-'s+Aﬃ"@  ;:HGI &%?Jﬃ"ﬀ





+ M,66'8G0s+ +&ﬃ":s87A?ﬃ 
I'	H%K%ﬂ `+ﬂ -c8II6 B
a
ﬂﬃ! 	 ﬃ1ﬃﬀ;ﬃ	^'8 9.
h
a
Y%QC 7'!+&:*Wd 7'?ﬃ1+DC  	
H%K% n#>:7'8% 6'?ﬃ#>ﬃ! Z%('>65	65	F+16' ;#*6'8% tWX 	H%rWX 	1;ﬃZ% +65":ﬃR'0+DCe:657'ﬀK%K%?ﬃo'8G0
T:@ "+ﬂ?ﬃ	T+H 4V vX#*9+R#>:7'8% 6'?ﬃCﬃ= H 4V '!+"'8#;:0/"ﬃR#;ﬃ!L&%?Jﬃ"Ic 657'H  +DC;H 4V+&:HL>ﬃ! 4A
657'ﬀ-@ 1+E#;ﬃ!#?:;:P+ﬂ;:q:ﬀP'8 
H-'8 +P'8%KGyﬃ@5ﬃ"P+DCeﬃ!#ﬃ= 6'?ﬃ *ﬃ@#>ﬃ7+"'ﬀ
a









WC`ZLaGIHUM9bdce+f"gCe+fihaECjO\`ZLNkILaMalm`nW_`8ECYpoWCG\MTMTYZLa[ﬂ[\L>haYqHUhaGﬂ`8WCYqHUL NC(0,2σ2 ) MTGIH n
haECHTHULaMTOQEC[J
]




















0"; 	*Jb#7'#)K 	K @
ﬀ









cqWd ﬀ#;:ﬀ0+<;ﬃ!%?+,#;ﬃ!#?:;:@5":*ﬃ?WX 	 ﬃ"b+9#o' ﬃ1ﬃ	




 ji +4 P#;ﬃ!L&%?Jﬃ"$+DCU'7'8%Kvﬂ#@#*6'8% 
a
1) ﬃT &%('?ﬃ	)ﬃ1ﬃﬀ+.$Z'8%?ﬃ %('!7'@ %;J














%?ﬃsWd 	% %;:HGI%('8G0,+DC   #7'6'ﬃ1J@ &#&#&%?:ﬃ"ﬀ6'n+"'	% A*'s+%('F#>:7'8% 6'?ﬃ
5Xvu#*@L>ﬃ!%?WX 	?	9#>ﬃ(9#7'$+9#;ﬃ!L&%?Jﬃ"T#7' H &% -c>%('-;:H% ?ﬃŁ+DC  	>
!'8% H 16' |MQ' 6'ﬀ9+& .#7'A
6'ﬃ1JT+!;:HGI &%(' 6'?ﬃ
λ









	ﬀ R#7'6'ﬃ1JN#*H #-ﬀ@#;:;:3ﬃ"E+-6'8#&#>ﬃ=KG(7'8% @ 9L@ 0%?ﬃ;Wd 	
% sﬃ!L	+
!'?ﬃ	s#*H 
Hﬀn'*ﬃﬃE#7'8G(":t+DC  	1ﬃR'?ﬃ +A,+ -c$"ﬃ! 	s+&:
dﬃ	s%QC  [A
% 6'KﬃS+DC  	-ﬃ1:@5"ﬃX+2ﬃE#?Wd 	 L7';:-@ 9%('B*ﬃ! ;L* 


 $'	rc  -IIZWd  #*ﬃ"0+
2&V0'8#&#;ﬃ-Vﬂ ﬃR' 
Hﬃ"ﬀ0 	:
I'8% H 0'!+&:*WX 7'P+
λ

"ﬃ! 	?ﬃ1ﬃﬀ;ﬃ	<H#*"+"'ﬀ<@ T+>ﬃ9 &%('A
?ﬃ	F%('	KLK%;:R+E%QC;ﬃR'?ﬃS'8 ;:HGI%('8G0R+
λ
#>ﬃ! F% b#>:7'8% 6'?ﬃ	9:@ "+ﬂ?:-c=WX  	E#*H 
#7'%*ﬃ	;:*WX 	ﬀt#7'%-CU'ﬂ:*6'ﬁ65;ﬃ6'8% ﬃ"ﬀ+4 7*ﬃﬀ	!% F+,%QC  K%  'H 
a
w
%K 	 H 1'8%KGyﬃ@5ﬃ"1+DCeﬃ!#ﬃ= 6'?ﬃ ;ﬃﬀT#	;ﬃ!#>ﬃ(;:E'8 /.
h
a
 +"'	T%  -'0+ %?'.#>:7'8% 6'?ﬃ








0ﬀ_ # " *ﬃﬃE#





#;ﬃX+4 EWX 7'ﬀE/ H%K% P  ;J "ﬃ *ﬃﬀ ﬃ"$1+ﬂ;:q:ﬀ('8L&% Icﬀ#>ﬃ! 0% *Wd 	H%












WX  *ﬃ	@ 	?"ﬃF#	K#7'8% >*ﬃﬀKL& ?ﬃ ﬃ1:@5"ﬃX+&ﬃ!%?ﬃ!G(?Wd 	T#>ﬃ! AT'8#&#;ﬃﬀ65	
a
ﬂ$ﬃ! 	Y K% ;ﬃ	
"ﬃ6'ﬃ=ﬃ"ﬀ^ 	'








































%QC ﬃ!#	ﬃR'8% ;:$+Z%(';ﬃ!%K ?ﬃPﬃ!LX 	
a
ﬂ$ﬃ! 	#;ﬃ!#>ﬃ(6ﬃ	 :HGd'8% ﬃ"ﬀ   '8%KGyﬃ@5ﬃ"
+5vX#*d7b'8 	|AN	$?+H% :9@ 7'ﬀ,+%ﬃ=ﬃ= 6'?ﬃ	1@ 	
H
I'('8L&% F#7'%
I'('8L&% Ic7#>ﬃ! % *Wd 	H%
657'!WX 	1:6'8#*1+=ﬃ=ﬃ= 6'?ﬃ35 V4#&% "!ﬃ=ﬃ1:*+ﬂ('1#>ﬃ! b 	E#>:7'8% 6'?ﬃ
`1
cq#*ﬃ"6'$
 I	*ﬃF+DCeﬃ!LY B*ﬃ%-'8% H &%(';ﬃ5;:*+4 
a
Y%?ﬃ^WX 	s%QC;	ﬃ9L&% Y+K6'


















Wd ﬁT%(' #>ﬃ(KLK%;:E+0# =J*ﬃﬃE#1+=
;vﬀﬃ1: Ic=#*ﬃ"6'ﬀE+:;:*+4  +:ﬃ1ﬃ?:P% :"ﬃﬃ9L +DC 	*ﬃX 	<T+&ﬃ	 +P+ﬂﬃ=X 	T% -*ﬃ
-'8% H &%(';ﬃ3+ %QCeﬃ!#ﬃ= 6'?ﬃrc +":B#*"++ %('Ł#;ﬃﬀ*:*+4  	K%  6:Ic -6' "ﬃ6'ﬃ=ﬃ"ﬀPMf'K% ﬃ"ﬀ





 ﬃ! Y'8 %?ﬃ&GR+657'8#Ic	"ﬃ! 	K%K%K 	;ﬃ	7ﬃ(s#;ﬃ!#>ﬃ(t#7't+Y'8#&#&% -'?ﬃ	$'8 BKG(7'8%Gﬃ9 &%[A
X 	;ﬃQ+"'8% ﬀ;ﬃX+4 	 F/R%('12	+4 657'8#T#	;:H:*+$32"GI E
a4a
'>KG(7'8%&,:HGd'8% ﬃ"ﬀn K% ;:






















  +.+H 4V#;ﬃ*-%/+8#=+DC '3--;:HGI &%('7-'3%;:8# +.+8#?'3)$#/%6'7);%/#=+.+ﬃ0:+8#; .-/+<
1
%2+8# @%-;ﬃ! $# 
 +"'7)$#E%2+8#1+&ﬃ*).)":8+8#-c^+4 $#:+8#/#/+&);%'2+H%K%2+&0:+&);% '8 4VA+:?+&%/#E+.+N%('B-;ﬃ*%6'7%'?ﬃ*)+.+N%('B%/+&--/+
g




%QCe:85657'7);%'K%K%?ﬃ*).)o'8G<+I'3--;:HGI &%3'2+&- cDﬃ3%(' +4 .-;:8+I#;:H#7'7-6'7);%n+.+H 4V.ﬃ!L$#+&-=!'7%'?ﬃ*)$##@ $5858+8#/#/'3=<+8#J+8#/%K%;ﬃ*%6'8%2+BA
0:+&);%'7-@L.'3%-6'7'3-/+
a









5*ﬃ*)4MfJ&-/+ '8 4V0R'7%-'258+8#P01'2#/+8#P+&),+H F+.+8#r#.-;ﬃ!#.-'?:&%;:8#Q#%-@ $5&%@ .-/+H%K%2+8#Q#'301'K%('7'3-/+8# '8 5-'*# +.+%QCe:85657'7);%'K%K%?ﬃ*).)o'8G<+
-;:HGI &%3'2+&- R5*ﬃ*0E#&%2+&%
ycD%QCU'8L$#/+&)$58+R+.+1+&ﬃ*).)":8+8#T'-vd'7);%b .)S+:?+&%F:HWX .'3=I'8%2+&);%F+.+:58+H%K .' +.+E%('R01'2#/+R/ -:&-;ﬃ
+.+8#T=I'8%2+H .-/#T0R'7)"WX 7'7);%/+8#
a
ﬂ$ﬃ! $#T)"ﬃ! $#T'3);%;:&-/+8#/#6ﬃ*)$# :HGd'8%2+&0:+&);%s/,%QC '3)F" $+&)$58++4 :%vu#+t+DCe:85657'7);%'K%K%?ﬃ*).)o'8G<+
g





cdWX .'W)"ﬃ! $#X#/+&-;ﬃ*);%  .%'K%2+8# #7'7- %?'#@ .'3%/+
a
'")U+:?+&%-cy%QC '3);=<+&-/#/'?ﬃ*)RGy:&)":&-6'8%3'2#;:8+IcuWX .'









































+.+&-).'?J&-/+8#R%3'KGt)$+8#r< G = { kP f \^]`_ }k=−P+1...P a^
+8#1#.-;ﬃ!#.-'?:&%;:8#
#; .'3=!'7);%/+8# ﬃ*);%P+&:N,;/x:&%;:.:&%6'8L&%3'2+8# #7'7- 7Y'?ﬃ=!'7).)$+H%K%3'Y+&%P`+('2+&-.UII6 B

)"ﬃ! $#P%2+8#v-6'8#&#+H%?ﬃ*)$#U'25&'$'2$) +.+



























† = F2P †F2P = 2P I2P
+&%%QC '3);=Z+&-/#'?ﬃ*)R+('3-/+85&%/+t+4 1#.-;ﬃ!L&%?J&0:+
5&'[A{+.+8##@ $#T5*ﬃ*--/+8#@#>ﬃ*)"+





















• ZN,2PZN,2P † = 2P IN ,
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x̂1 = arg min
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p(xk) = kϕ exp
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φ - (xk) = ln(1 + |xk|2/2σ2x)
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p(arg xk|qk = 1) = 1
2pi   [0, 2pi]
(arg xk)
p(|xk|
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p(q,s) = p(s|q) Pr(q)












+8#%J'30E#.-;ﬃ!#.-/+T#& .'2#6Wd rC +H%K%2+9Mf'7'3%J'3);%/+&-=Z+&).'3-, .)$+0R'7%-'258+0+.+5*ﬃ8A
=I'7-'('7)$58+b+('('8Gyﬃ*)7'8%2+  <






















ﬂﬃ*%;ﬃ*)$#:+&)42$) Wd $+ #>ﬃ! .-E%('Ms-;:*Wd $+&)$58+R)X &%K%2+,+&)
k = 0





+&ﬃ*'3%K&%-/+:5*ﬃ*)$#/'?+&:&-;:8+1#& .'2#;WX $+E%QCeﬃ*) ' '8%?ﬃ*-/#




(a0|q0 = 1) ∼ N (0,σ2) c8%?'K-/+H%('7%'?ﬃ*) g  
a
h




p(s0|q0 = 1) = g1(a0,σ2) δ(b0)
w
'7-K#6ﬃ! $5&' +.+5H%('7-%;:Ico%2+8#H01ﬃX+('[2W5-'7%'?ﬃ*)$#Y5*ﬃ*--/+8#@#>ﬃ*)"+"'7);%/+>#J)$+#/+&-;ﬃ*);%#7'*#H-/+H#>ﬃ*-%;:8+8#$+7'7)$#Y%QC +BVu#>ﬃt#6:FWX .'












































































p(q,s|y,θ) ∝ p(y|q,s,θ) p(q,s|θ)
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[y|q] = H 	 [s] = 0
	





















Pr(q|y) = p(y|q) Pr(q)
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var ûk  ﬀ =
	













C +8#%'30R'7%'?ﬃ*)N+.+t%('F=!'7-'('7)$58+K+8#%  .)P#>ﬃ*'3);% MOﬃ*)"+"'70:+&);%6'8%>#>ﬃ! .- %2+t#.-;ﬃ!L&%?J&0:+$+DCU'7)7'8%Kv(#/+K#@#+85&%-6'8%2+K5*ﬃ*)$#'[A































 #>ﬃ! .-$+&:&%/+&-01'3)$+&-%2+8#Y#7'7-6'701J&%-/+8#$+DC +H%K%3'K#.%'25&'3%;:T+.+bGd'8%('V['2+8#K+&)%2+H .-
'*##;ﬃ;5&'('7);%E+.+8#0L7'7--/+8#E+DC +&--/+H .-
a















+.+ %('@=!'7-/'?'7)W5&+R)rCU'8#&#>ﬃ*-%/+ '8 $5H .)$+R'3)4Mfﬃ*-0R'7%'?ﬃ*)



















q̂k  ﬀ ∈ [0, 1] +8#/%$%QC +8#%'30R'7%'?ﬃ*)x+.+T%('R#.-;ﬃ!L7'8L.'K%3'3%;:1Wd $+ qk = 1 '8 V=X Ł+.+8#n+&ﬃ*).)":8+8# y c
ﬃ*).'s<





Tk = Card{t | q(t)k = 1}
+&%


























q ∈ {0; 1}2P+1 +8#% +&:N,@/S+&);%'?J&-/+&0:+&);%L5Hﬃ*)[%/+&)X $+3+"'7)$#P%(' =I'8%2+H .- +.+ q̂
 ﬀ
c Wd .'K)rC +8#%P#&%K $# /
=I'8%2+H .-/#L.'3)7'7'3-/+8#
a>w




























-'('7)$58+ /.%QC +8#%'30R'7%'?ﬃ*) +.+8#05Xvu#+&-@#7'7-6'701J&%-/+8#-cT+&%1#/+&-6'B#@ .-%;ﬃ! .%E .%'K%2+ %?ﬃ*-/#E+.+ %QC +BV[%/+&)$#/'?ﬃ*) '8 A01ﬃX+&JH%2+
p
+&-)"ﬃ! &%K%3'[AN7n'8 $##'2+&)3'>=Z+85n+&:85-'8%('8G<+8#tM -;:*WX $+&);%'2+H%2#YWd .'P#/+&-6''3);%-;ﬃX+4 .'3%$'8 <.  
a4a
 c] \ﬃ]   lbld etblknmLetmW`ZacdXf9
ﬃqcm Tm gOb giPf 7iPfhdPetm












#.-;:8#/+&);%/+.+.+8#v5-'7-6'*5&%;:&-'2#%'?WX $+8#U5-'8%25H &%('7%;ﬃ*'3-/+8#R#'301'K%('7'3-/+8#P%?ﬃ*-/#;Wd rC +H%K%2+@+8#%P'*##;ﬃ;5&'?:8+./Ł%('%?ﬃ*'
,@ﬃ*'3);%/+
p(q,s|y) ﬃ! S/ %(' %?ﬃ*'X0R'7-@Gt'3)7'8%2+ Pr(q|y)
a=
+8#+8#%'30R'7%/+H .-/#Tﬃ!L.%/+&)u $#T+"'7)$#F%2+8#9+.+H 4VS5-'*##;ﬃ*);%





 rC +&) +8#%|AO'K%ﬀ#>ﬃ! .-,%QCU'8#&#.-;ﬃ;565$+ )
w
c=['2#6'7);%b/















C +8#/%'30R'7%'?ﬃ*) +.+E%(',#;:*WX $+&)$58+1+.+
p
+&-|A
)"ﬃ! &%K%3'T+8#%Y+&) +:l+&%,%2+9#>ﬃ*'3);%,%2+T#&%K $#n+&:H%3'35-'7%F+&%-cl#;ﬃ! $#$%2+8#$5Xvu#>ﬃ*%@5"J8#/+8#,Gd'8 $#/#'2+&).)$+8#Y-;:-'8%3'2#;:8+8##; .-$%('R%?ﬃ*'
+.+8# #+&-%@ .-@L7'7%'?ﬃ*)$#

+&% %2+8# '70E#&%3'3%@ "+.+8#






























5%6ﬁ%  '	%1* 
q̂ 
 7%6    	
 #%
p(q,s|y) %  Pr(q|y) ﬁ
#%1
9 %  58+









225	 # 5%1*# 	(*)%ﬁ%6 





'>=dﬃ*)$#P+:l+85&%'3=Z+&0:+&);%P=u 9'8 d	  
aIa
h




+"'7)$# %('nMfﬃ*-09 &%('7%'?ﬃ*) +.+Y%('b%?ﬃ*'0R'7-@Gt'3)7'8%2+
a
r+&%Z'7-@GI .0:+&);%s#>:&)7'8%3'2#/+%QC  .%'K%3'2#6'7%'?ﬃ*)
+.+F%('1%?ﬃ*' 0R'7-@Gt'3)7'8%2+T+"'7)$#%2+FL& .%$+DCU'8L>ﬃ*-;+.+&-$%QC +8#%'30R'7%'?ﬃ*)V)"ﬃ*)B#@ &#+&-=;'2#6:8+F+"'7)$# .)B5-'!+(-/+%6ﬃ*%6'8%2+90:+&)[%





















     	(
 8*8*   )+	(2

	 % # % 
	
  2%  ﬀ !




















+&%1`+('2+&- UII !$'ﬂ$:-0R'7);%-c^+"'7)$#E .)u5*ﬃ*);%/+BV[%/+ #&%K $#EGy:&)":&-6'8%Qc^Wd $+N%QCe:&565o'7);%'K%K%Kﬃ*)$)7'8G<++.+N%('3%?ﬃ*',|ﬃ*'3);%/+
#+H .%b#.-;:&=I'8%?ﬃ*' -#@ .-58+H%K .' +.+0%(' %?ﬃ*'T0R'7-@Gt'3)7'8%2+:+&)ŁMfﬃ*)$5&%'?ﬃ*)+.+0%('R#%-@ $5&%@ .-/+1+4 #$-;ﬃ!L&%?J&0:+:5*ﬃ*)$#'?+&:&-;:<
0 &0:+ﬁ#' %QC +8#%'30R'7%'?ﬃ*) L7'*#;:8+v#@ .-F%(' %?ﬃ*'c0R'7-@Gt'3)7'8%2+Ic +4 Mf'7'3%9+DC  .)$+PWd 7'7)[%'3%;: -;:*+4 .'3%/+ +.+1#7'7-6'701J&%-/+8#-c
)":858+8#/#/'3%/+1 .)S)"ﬃ*09L.-/+R#&%K $#bMf'7'KL&%2+R+DCe:85657'7);%'K%K%?ﬃ*)$#jc=%QCeﬃ!L.%/+&);%'?ﬃ*)S+DCe:85657'7);%'K%K%?ﬃ*)$#0+('2#%-'KL& ":8##+H%Kﬃ*)%(' %?ﬃ*'
,@ﬃ*'3);%/+9#+H .%Y#/+-;:&=y:H%2+&-$L.'2+&)Ł#&%K $#Y+$v5-'*58+!c?#' L.'2+&)ŁWX rCU'8 .2$)7'8% %('R#.-;ﬃ;5*:*+4 .-/+0+DC +8#/%'30R'7%'?ﬃ*) #/+01ﬃ*);%-/+




































5-'7%'?ﬃ*)+.+$%QC  $#6'8G<+n+DC  .)'8%KGyﬃ*-'3%@5.0:+F+DCe:85657'7);%'K%K%?ﬃ*).)7'8GZ+b+.+ 7J'KL&L$#-c"'7' )W#'DWX $+$%2+8#Z+&:&%6'7'K%2#t+.+#6'01'2#/+Y+&)
































 !ﬂ ﬀ !


































ﬃ*);%Y:HGd'8%2+&0:+9)[%Y .)$+F#%-@ $5&%@ .-/+
p
+&-)"ﬃ! &%K%3'[AN7n'8 $##'2+&).)$+<
• Pr(qk = 1|q−k,s−k,y) =
λ˜k



























ek = y −
∑
j 6=k Hjsj
• p(sk|qk = 1,q−k,s−k,y) = g2(sk − vk,Γk)
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Pr(qk = 1|q−k,y) =
λ˘k
λ˘k + (1− λ)
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[sk|y] = Pr(qk = 0|y) 	 [sk|qk = 0, y] + Pr(qk = 1|y) 	 [sk|qk = 1, y],
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[s | q̂α,y] = 	 [(s− ŝα)(s− ŝα)t| q̂α, y]
= Σs|q̂α −Σs|q̂α Ht Σ−1y|q̂α HΣs|q̂α .
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âk ∼ N (ma,v) +&% b̂k ∼ N (mb,v) cD%('U01ﬃjvZ+&).)$+:+&%b%('R=!'7-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p(q,s|y,θ) ∝ p(y|q,s,σ2 ) p(s|y,q,σ2) Pr(q|y,λ).
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(q(t),s(t),θ(t)) ∼ p(q,s,θ|y). r+&%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p(y|q,s,σ2 ) p(s|q,σ2) Pr(q|λ) p(λ) p(σ2 ) p(σ2) ds dλ dσ2 dσ2.
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σ2 ∼ IG(α,β) a








α = 1, β = 0






















{ IG(Ne + µ, ‖s‖2 /2 + η) #/' q0 = 0 c
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, q′k0+1) = (0, 1, 1)
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p(σ2) ∝ 1/σ2 ⇒ σ̂2  ﬀ = 0.251± 0.121,














σ2 ∼ IG(2, 1.5) ⇒ σ̂2  ﬀ = 0.462± 0.202.
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σ2ρk = var ρ̂k
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p(q,s,df |y,θ) ∝ p(y|q,s,θ) p(q,s,df |θ)
∝ λNe(1− λ)P+1−Ne gN (y −H
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Tα = Card{t | q(t) = q̂α}
+&%Z%QC +8#/%'30R'7%'?ﬃ*).+.+,%('I=!'7-/'?'7)W5&+9'*#/#;ﬃ;5&'?:8+<






















[s | q̂α, d̂f , y] = Σs|q̂α Ĥ
























[ s | q̂α, d̂f , y] =
	
[(s− ŝα)(s− ŝα)t| q̂α, d̂f , y]
= Σs|q̂α −Σs|q̂α Ht
   Σ−1y|q̂α,d̂f Ĥ
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qk, sk | q(t,t−1)k−1,k+1, s(t,t−1)k−1,k+1, df (t,t−1)k−1,k , θ(t−1), y
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ŝk = [âk, b̂k]
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J 687:9 (x) =
1
2
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(i) ∀k *PY[ |xk| = 0 : |rk| ≤ λ,
(ii) ∀k *PY[ |xk| 6= 0 : rk + λ xk|xk| = 0,
5!U











7ﬁ"'0C7*0?($F0@A06BC7*" ∀p ∈ 3 N , J ′(x ; p) ≥ 0
5!U
J ′(x ; p)
,7ﬁ $FVSﬀ.ﬂ!&L"F06B&L"%ﬀ*,+0ﬁ"F5!6(6/0$Q




















p†W†Wp + <{p†r}+ λ(‖x + p‖1 − ‖x‖1)
)
5!U
r = W†(Wx− y). q'4VSﬀ.ﬂ!&L"F06B]&L"%ﬀ*,+0ﬁ"F5!6(6/0$7<>2,+0ﬀﬁ"%^&(5!6/+
J ′1(x ; p) = lim
→0











,7*H6B?($'0 N − I $=<>06/7*0@;_($F1&(,7H"%6/&L"F+,,7^IJ5!?(ﬀ^$F,7*PB?/0$%7 xk
,7*H6/5!6l6B?($=[#<]6GﬂAﬂ#$F5!ﬀ*7'






|xk + pk| − |xk|.
¢
$7ﬁ?LAM&(5!6/+e&D<>20ﬁ?/&L"F0ﬀM$bﬂ$%"%@M"%*
lim→0 1 (|x + p| − |x|)
IJ5!?/ﬀ




 → 0  |x + p| = |x| + <{p∗ x|x|} + O(2)
01&(5!6/+
lim→0 1 (|x + p| − |x|) = <{p∗ x|x|}.
3<>5!U1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qﬂn+,5!6/&("*"%5!6 ∀p ∈ 3 N , J ′(x ; p) ≥ 0 7*)@A0]ﬂ#$F5!ﬀ*7C7*5!?/7H$bﬂ3co5!ﬀﬁ@A
∀k ∈ N − I, ∀pk ∈ 3 , <{p∗k(rk + λ
xk
|xk|)} ≥ 0
∀k ∈ I, ∀pk ∈ 3 , <{p∗krk}+ λ|pk| ≥ 0.




7ﬃﬂ#6B <{p∗krk} = |pkrk| cos(φk)
R!$bﬂ)7*,+,5!6/&(HIJ0?(j7 <>2,+0ﬀﬁ"%ﬀ* ∀k ∈ I, ∀φk ∈ [0, 2pi], |rk| cos(φk)+λ ≥ 0
R
PB?("',7ﬁ^W20ﬀﬁ"pZ2:7ﬁ"'0C7*0?($F0@A06B]7ﬁ" |rk| < λ [ 
   ﬃ01/ﬃ









xk = arg min
xk

















jθ RJ$FnI(ﬀ*5!_($Ff0@AA,7ﬁ4+,0$%?("&(3$bﬂX@M"%6("%@M"F7.ﬂ#ﬁ"F5!6&(n$bﬂEcd5!6/+0ﬁ"F5!6&(n&(0?LKmSﬂ#ﬀﬁ"bﬂ#_($F,7 (ρ,θ) ∈
4
















































b 6= 0 [ <]6ﬂAﬂ#$%5!ﬀ.7'
∂f
∂θ
(ρ,θ) = 0 ⇔ ρ(−br sin θ + bi cos θ) = 0
⇔ ρ = 0 5!? tan θ = bi/br























































































θ1 = −pi/2 0 θ2 = pi/2 [/3<>5!U1
br cos θ1 + bi sin θ1 = −bi = − 7*VS6 (bi)|b| 0 br cos θ2 + bi sin θ2 = bi = 7ﬁVS6 (bi)|b| [

5!?(ﬀ
θk = θ1, θ2
R(5!6lIJ0?(C&(5!6/+:2,+0ﬀﬁ"%ﬀ*









 φ′(ρ) ≥ 0 IJ5!?/ﬀ
*5!?(
ρ ≥ 0 [  ﬂ#ﬀ+,5!6/7*2,PQ?/06B Rj&Zﬂ#6/7A$Fl+ ﬂ!7E5!U  = 1 R+,a*0ﬀﬁ@Al6/l7 <`ﬂ#6(6B?($FM *ﬂ#@Eﬂ#"F7 6/5!?/7ﬂ Q5!6/7
7*?(I(IJ5S7*2






ρ 6= 0, ∂f
∂ρ












(θ = θ1, br < 0)
5!?









θ = θ1 = −pi/2 $F5!ﬀ*7*PB?/ bi < 0
0
θ = θ1 = −pi/2 $F5!ﬀ*7*PQ?/ bi > 0 [ £ ﬂ#I(IJ0$F5!6/7]PB?/46/5!?/7]7ﬁ?(I(IJ5S7*5!6/7C"F+0" b 6= 0 R/&(5!6/+;5!6l6/:IJ0?(CIZﬂ!7
ﬂ Q5!"%ﬀC7ﬁ"%@;?($%.ﬂ#6/20@A06B













θ = arg b '
()!(*!ﬂ











θ = tan arg b
0^$F,7C&(0?LKlﬂ#6(VS$F,7]06
PB?/,7ﬁﬁ"F5!6nﬂ#I(IZﬂ#ﬀﬁﬁ"F06(6/,6B9^$=< "%6B*0ﬀﬁSﬂ#$%$F
































































s2 + ρ2 (|b| − aρ) = λρ
⇔ ρ ≤ |b|/a 0 (s2 + ρ2) (|b| − aρ)2 = λ2ρ2
⇔ ρ ≤ |b|/a 0 P (ρ) = 0 5!U :


























































aρ− |b|+ λ = 0.
q5!ﬀ*7*PQ?/ |b| ≤ λ RW+,0ﬁ*]20PB?Zﬂ#ﬁ"F5!6E6'<`ﬂ4IZﬂ!7j&(C7*5!$%?(ﬁ"F5!6EIJ5!?(ﬀ ρ > 0 SIZﬂ#ﬀ+,5!6/7*2,PQ?/06BRW$FH@M"%6("%@;?(@ &( f
,7*sﬂ#ﬁ*0"%6B06
ρ = 0




∂ρ (ρ,θ) = 0,
∂f






θ = arg b
[ ﬁ"%6Zﬂ#$F0@A06B R"%$+05!6OB"F06B3&(






















7ﬁ" |b| ≤ λ R (◦ρ,◦θ) ,7ﬁH?(6l@M"%6("%@;?(@ &( f ⇔ ◦ρ = 0 ;
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k ≥ 1,qk = 1 ,7ﬁ^06 1/σ2 [

































p(σ2 ) ∝ 1/σ2
R
?(6/4$F5!"'"%6BW0ﬀ*7*8g=VQﬂ#@M@Eﬂ IG(α,β)  p(σ2 ) ∝ 1σ2 (α+1) e
−β/σ2 [
q,7X&(0?LK I(ﬀ*0@M"Ff0ﬀ*,7XIJ0?(Q06Be20VQﬂ#$F0@A06Ba7 <>8KOI(ﬀﬁ"%@A0ﬀaﬂ#6Zﬂ#$%NOﬁ"FPQ?/0@A06Ba7*5!?Z7E$bﬂcd5!ﬀﬁ@A&($F5!"F7 "%@ng
I(ﬀ*5!I(ﬀ*,7'&(NOIJ"%6BQ0ﬀ*7*8g=VQﬂ#@M@EﬂLR#&(IZﬂ#ﬀ.ﬂ#@Af0ﬁﬀ*,7
α = −1,β = 0 IJ5!?(ﬀ$bﬂH$F5!"B?(6("cd5!ﬀﬁ@A0 α = 0,β = 0










PB?("',7ﬁ^$d<>8KLI(ﬀ*,7*7ﬁ"F5!6G&D< ?(6/:$F5!" IG(N/2 + α, ‖y −Hs‖2 /2 + β) [
Ł)[L[   	










p(σ2) ∝ 1/σ2 R












p(σ2| w*~8i~ ) ∝ 1
σ2(Ne+µ+1)
e−(η+‖s‖
2/2)/σ2 7ﬁ" q0 = 0,
p(σ2| w*~8i~ ) ∝ 1
σ2(Ne+µ+1/2)
e−(η+‖s‖
2/2)/σ2 7ﬁ" q0 = 1,
PB?("7*5!6B $F,78KOI(ﬀ*,7.7ﬁ"F5!6/7&D< ?(6/ $F5!" IG(Ne + µ, ‖s‖2 /2 + η) $F5!ﬀ*7*PB?/ q0 = 0 0&D< ?(6/ $F5!"
IG(Ne − 1/2 + µ, ‖s‖2 /2 + η) $F5!ﬀ*7*PB?/ q0 = 1 [




































































































σ0 → 0 &(5!6(6/1ﬂ#$F5!ﬀ*7'
Γ0,k → 02×2,
$bﬂn@Eﬂ#ﬁﬀﬁ"F+,
2× 2 "F&(06Bﬁ"FPQ?/0@A06B]6B?($%$F ,
v0,k → 02,
$F4W,+0*0?(ﬀ
2× 1 6O?($ ,









• Pr(qk = 1| w.~ﬃi~ ) = λ1,k
• p(sk|qk = 1,
w*~ﬃi~
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ŁgnR PQ?Z $F,7 Sﬂ#ﬀﬁ"bﬂ#_($F,7 &( Ł0ﬀﬁ6/5!?($%$%"
qk,3
7.5!"F06B &/ﬂ#6/7 $bﬂ +,5!6Lp/VS?(ﬀ.ﬂ#ﬁ"F5!6
(u,v,w)
0

















































































































σ0 → 0 &(20_J5!?/+.-/;7*?(ﬀ]&(,7C@Eﬂ#ﬁﬀﬁ"F+,,7&(
+,5Sﬂ#ﬀﬁ"bﬂ#6/+,H+,5!@MIJ5!ﬀﬁ.ﬂ#6Bj&(,7s_($F5B+,7&(  20ﬀ*5S70&(,7s@A5NQ06(6/,7+,5!ﬀﬁﬀ*,7ﬁIJ5!6/&/ﬂ#6B*,76B?($%$F,7 RS+S<>,7ﬁhg9gi&L"%ﬀ*^7ﬁ?(ﬀ
&(,7jﬁﬀﬁ"%I($F0*7&(^Sﬂ#ﬀﬁ"bﬂ#_($F,7&(^NOIJCŁgn[
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−A−122 A21∇−1 A−122 + A−122 A21∇−1A12A−122
)






Nu,v,w = 2 
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<]6ﬂAﬂ#$%5!ﬀ.7 R(&D< ?(6/:IZﬂ#ﬀﬁ R |Γ011|1/2
σ20
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Nu,v,w = 1 
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sk = sk+1 = 0
0
sk+2
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